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We apply duality in the Johnson scheme J(v, k) to give a very short proof of a theorem of Frankl 
and Fiiredi. We consider a family 9' of k-subsets of a v-set such that 9' is a !-design and 
lx n yl ~ A. > 0 for all x, y e 9'. We prove v ~ (k2 - k + A.)/ A. with equality if and only if 9' 
is a symmetric 2 - (v, k, A.) design. 
1. THE JoHNSON SCHEME J(v, k) 
The association scheme J (v, k) provides a natural framework for the study of designs on 
v points with block size k. The point set of X of the association scheme J(v, k) is the set 
of all k-subsets of a v-set. The classes 
Ri = {(x,y)llxnyl =k-i} i=0,1, ... ,k, 
partition the 2-element subsets of X. Let D0 = I and let Di be the adjacency matrix of the 
graph (X, Ri ). The commuting symmetric matrices D 0 , D1, ••• , Dk span a k + 1 dimen-
sional real algebra called the Bose-Mesner algebra of the scheme. Since the Bose-Mesner 
algebra is semisimple it admits a unique basis of mutually orthogonal idempotent matrices 
J0 , J 1, ••• , Jk. Here J0 = IXI- 1J where J is the matrix with every entry /. Writing 
D1 = ~7=o l't(i)Ji, for I= 0, 1, ... , k, we have D1.1; = l't(i).f;. Thus i't(i) is the eigen-
value of D1 associated with the eigenspace V; spanned by the columns of .1;. The 
(k + 1) x (k + 1) matrix P with i/th entry i't(i) is called the eigenmatrix of the scheme. 
For the Johnson scheme J(v, k), the eigenvalue i't(i) = E1(i) where E1(x) is an Eberlein 
(dual Hahn) polynomial defined by 
E,(x) = ± (-l)i(~)(v-~)(v-k~x), 
j=O 1 /-1 /-1 
I = 0, 1, ... , k. 
For the proof see Delsarte [2]. The matrix Q = 1 XI p-l, with i/th entry q1(i) is called the 
dual eigenmatrix. Note that 
k 
" = I XI-I L q,(i)D,. (1) 
i=O 
For the Johnson scheme J(v, k), the entry q1(i) = H1(i) where H1(x) is a Hahn polynomial 
defined by 
I = 0, 1, ... , k. 
For a proof see Delsarte ([2] and [4]). Direct calculation gives 
H0 (x) 1, 
v- 1 
k(v _ k) (k(v - k) - vx), (2) 
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and 
v(v - 3) 2 
2k(k - I)(v - k)(v - k - 1) (x (v - I)(v - 2) 
- x(v - I)(2kv - v - 2k2 ) + k(k - I)(v - k)(v - k - 1)). 
Let JF be a family of k-subsets of a v-set. The inner distribution a = (a0 , a1, ••• , ak) of 
JF is given by 
a; = JfFJ-' L D;(x,y) 
x.ye!F 
which is the average valency of R; restricted to JF. Note that a0 = 1 and :r.~=o a; = I JF J. 
Let n be the characteristic vector of JF and let n; be the projection of n onto the eigenspace 
V;. The dual distribution b = (b0 , h1, ••• , bk) is defined by setting 
lXI T lXI 2 
h; = I JF 12 n .1; n I JF 12 lin; II . 
Note that (1) implies 
I k 
IfF I ;~o q1(i)a; 
I; 12 nT Cto ql(i)D;) n 
JXJ T I JF 12 n .ftn 
and so 
I 
IfF I aQ = b. 
Delsarte [2, Section 4.2], [3, Theorem 3] proved that a family JF of k-subsets of a v-set is 
at-design if and only if the dual distribution b satisfies b1 = b2 = · · · = h1 = 0. Therefore 
the equation aQ = I JF I b relates the intersection properties of a family JF of k-subsets of 
a v-set, to the covering properties of JF. 
2. THE APPLICATION TO SYMMETRIC DESIGNS 
We are now ready to prove the following theorem of Frankl and Fiiredi [5]. 
THEOREM. Let JF be a family of k-subsets of a v-set such that JF is a !-design and 
I x n y I ~ A. > 0 for all x, y E JF. Then v :::;; (k2 - k + A.)/A., with equality if and only if 
JF is a symmetric 2 - (v, k, A.) design. 
PROOF. Let a = ( a0 , a1, ••• , ak _ 1 , ak) be the inner distribution of JF. Since JF is a 
1-design we have 
k-l 




c-l H2 (i) ) IfF lh2 L H2 (i)a; H2 (O) ;~o H2 (0) a; . 
i=O 
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Direct calculation gives 
HI (i) H2 (i) 
-----
HI (0) H2 (0) 
(v - 2) i 
k(k- l)(v - k)(v - k - I) (k(v - k) - i(v - I)). 
Fork - A. ~ i > 0, we observe that if v > (k2 - k + A.)/A. then 
HI (i) H2 (i) 0 
HI (0) - H2 (0) > . 
Since b2 ~ 0 we have v ~ (k2 - k + A)/A. If equality holds then a1 = a2 = · · · = 
ak_ 2_ 1 = 0 and b2 = 0. The family $' is a 2-design and if x, y are distinct blocks then 
1 x n y 1 = A. Fisher's inequality (Cameron and van Lint [1, Chapter 1]) implies I$' I ~ v 
and so$' is a symmetric 2 - (v, k, A.) design. 
REMARKS. For A = I, Lovasz [7, 8] proved v ~ k2 - k + I. Fiiredi [6] proved that if 
v = k 2 - k + I then $' is a projective plane. The proof of Frankl and Fiiredi [5] for 
general A uses the theory of fractional matchings in uniform hypergraphs. 
REFERENCES 
l. P. J. Cameron and J. H. van Lint, Graph theory, coding theory and block designs, London Math. Soc. Lecture 
Notes Series 43, Cambridge University Press, 1980. 
2. P. Delsarte, An algebraic approach to the association schemes of coding theory, Philips Research Reports 
Supplements 10 (1973). 
3. P. Delsarte, The association schemes of coding theory, in: M. Hall Jr. and J. H. Van Lint, eds, Combinatorics, 
Reidel, Dordrecht, 1975. pp. 143-161. 
4. P. Delsarte, Hahn Polynomials, discrete harmonics and t-designs, Siam J. Appl. Math., (1), 34 (1978), 157-166. 
5. P. Frankl and Z. Fiiredi, finite projective spaces and intersecting hypergraphs, Combinatorica (to appear). 
6. Z. Fiiredi, Maximal degree and fractional matchings in uniform hypergraphs, Combinatorica, (2), 1 (1981), 
155-162. 
7. L. Lovasz, Doctoral thesis, Szeged 1977. 
8. L. Lovasz, On minimax theorems of combinatorics (in Hungarian) Matematikai Lapok 26 (1975), 209-264. 
Received 9 Apri/1986 and in revised form 15 August 1986 
A. R. CALDERBANK 
Mathematical Sciences Research Center, 
AT&T Bell Laboratories, 
Murray Hill, NJ 07974, U.S.A. 
